Abstract. It is shown that, under some general algebraic conditions on fixed real numbers a, b, α, β, every solution f : R → R of the system of functional inequalities
Introduction. Every subadditive function f : R → R, that is, such that
f (x + y) ≤ f (x) + f (y), x, y ∈ R,
where R stands for the set of reals, satisfies the simultaneous system of functional inequalities of additive type:
where a, b ∈ R are arbitrarily fixed and α = f (a), β = f (b). In Section 2 we present some algebraic conditions on a, b, α, β under which the only function satisfying this pair of functional inequalities and continuous at some point is f (x) = α a x + f (0). In Sections 3, 4 and 5, respectively, we also present analogous conditions for pairs of functional inequalities
f (ax) ≤ αf (x), f (bx) ≤ βf (x).
The theorems of Sections 2-5 generalize the results of [4] , where the corresponding pairs of functional equations were considered (Remark 1). They allow us, in particular, to derive some classical theorems on the Cauchy type functional equation (cf. J. Aczél [1] and M. Kuczma [3] ). For a measure space (Ω, Σ, µ) denote by S = S(Ω, Σ, µ) the linear space of all µ-integrable simple functions x : Ω → R. Let φ : (0, ∞) → (0, ∞) be an arbitrary bijection. As an application, in Section 6, we give a new characterization of the L p -norm with the aid of a rather weak subhomogeneity condition on the L p -norm-like functional p φ ,
where Ω x := {ω ∈ Ω : x(ω) = 0}. Let us mention that in A. C. Zaanen [8] , W. Wnuk [7] , and J. Matkowski [5] , the functional p φ is assumed to be positively homogeneous. By N, Z, and Q we denote, respectively, the sets of natural, integer, and rational numbers.
Inequalities of additive type
Theorem 1. Let a, b, α, β ∈ R be fixed numbers. Suppose that
and a function f : R → R is continuous at least at one point. If f satisfies the pair of functional inequalities
Proof. From (1), by induction, we obtain
Replacing x by nb + x in the first of these inequalities we hence get
Since b/a / ∈ Q, and ab < 0, the Kronecker theorem (cf. [6] ) implies that the set A = {ma + nb : m, n ∈ N} is dense in R. Thus there exist two sequences (m k ), (n k ) of positive integers such that lim
Note that
(otherwise b/a would be rational). Obviously,
and, consequently,
Let x 0 ∈ R be a point of continuity of f . From (2) we get
or, equivalently,
Letting k → ∞, and making use of (3), (4), and the continuity of f at x 0 , we hence get
As, by the assumption, the reverse inequality holds true, we have shown that α a = β b .
Now, setting
we can write inequality (2) in the form
Take an arbitrary x ∈ R. By the density of A there is a sequence (t n ) such that t n ∈ A (n ∈ N), lim
From (5) we have
Letting n → ∞, and making use of the continuity of f at x 0 , we obtain
To prove the opposite inequality note that replacing x by x − t in (5) we get
Taking an x ∈ R, and, by the density of A, a sequence (t n ) such that
Letting n → ∞, and again making use of the continuity of f at x 0 , we obtain
which was to be shown. Remark 1. Let a, b, α, β ∈ R, ab = 0, be such that β/b = α/a. If b/a / ∈ Q and a function f : R → R is continuous at least at one point and satisfies the simultaneous system of functional equations
then f (x) = px + q for some p, q ∈ R, x ∈ R (cf. [4] ).
If b/a ∈ Q then this system of functional equations reduces to the single functional equation
where d := min{ma + nb > 0 : m, n ∈ N}.
Since the continuous and monotonic solution of this equation depends on an arbitrary function (cf. M. Kuczma [2] ), the assumption that b/a / ∈ Q in Theorem 1 is essential.
Remark 2. The assumption α/a ≥ β/b is essential for the uniqueness of the solution of system (1) in Theorem 1. Indeed, if α/a < β/b the set of solutions of (1) is large; for instance the function f := sin satisfies (1) for all a, b ∈ R and α, β ≥ 2. Moreover every affine function of the form f (x) = Ax + B where B ∈ R is arbitrary and α/a ≤ A ≤ β/b is a solution of (1).
Inequalities of additive-multiplicative type
Lemma 1. Let a, b, α, β be fixed real numbers such that
Suppose that f : R → R is continuous at least at one point and satisfies the system of functional inequalities
Then f is either positive in R, negative in R, or identically zero.
Proof. Assume that f : R → R satisfies (6), x 0 is a point of continuity of f and f (x 0 ) > 0. From (6) , by induction, we get
Take an arbitrary x ∈ R. By the density of the set A = {ma+nb : m, n ∈ N} in R there exists a sequence (
From (8) we have
For k large enough, by the continuity of f at x 0 , the left-hand side of this inequality is positive. It follows that f is positive. Suppose now that f (x 0 ) < 0. Replacing x by x − (ma + nb) in (8) we get
Now, similarly to the previous case, fix x ∈ R and take a sequence (
Again by the continuity of f at x 0 , for k large enough, the right-hand side of inequality (9) is negative and hence so is f (x). If f (x 0 ) = 0 an argument analogous to the first step shows that f (x) ≥ 0 for all x ∈ R, and a slight modification of the argument of the second step gives the inequality f (x) ≤ 0 for all x ∈ R, and, consequently, f = 0 in R.
To complete the proof it is enough to repeat the same reasoning for system (7).
Theorem 2. Let a, b ∈ R and α, β > 0 be fixed numbers such that
Suppose that a function f : R → R is continuous at least at one point and such that f (R) (−∞, 0). If f satisfies the pair of functional inequalities (6), i.e.
then either f is identically zero in R, or
Proof. Assume that f satisfies (6) . By the assumptions and Lemma 1 the function f is either identically zero in R or positive in R. In the first case there is nothing to prove. In the second case f is positive and the function g := log •f satisfies the inequalities g(a + x) ≤ log α + log f (x), g(b + x) ≤ log β + log f (x), x ∈ R, and our theorem results from Theorem 1.
Obviously, for inequalities (7) an analogous result holds true.
Remark 3. The assumption f (R) (−∞, 0) in Theorem 2 is essential. To see this, take arbitrary a, b ∈ R such that a < 0 < b, b/a / ∈ Q, α, β ∈ (0, 1/2), and an arbitrary function f :
and similarly, for all x ∈ R,
which proves that f satisfies (6). Since log α < 0 and log β < 0 and a < 0 < b, we have log α a < 0 < log β b .
Thus all assumptions of Theorem 2 except the condition f (R) (−∞, 0) are satisfied.
4. Inequalities of multiplicative-additive type. As an easy consequence of Theorem 1 we have Theorem 3. Let a, b, α, β be fixed real numbers such that
Suppose that a function f : I → R is continuous at least at one point and satisfies the pair of functional inequalities 
Remark 4.
Suppose that a, b, α, β are fixed real numbers such that 0 < a < 1 < b and α/log a = β/log b. Note that if 0 ∈ I then there is no function satisfying (10). Indeed, putting x = 0 into (10) we get 0 ≤ α, 0 ≤ β, which contradicts the assumptions.
